Semiclassical chiral fermion models with "Berry term" are studied in a symplectic framework.
INTRODUCTION
Massless chiral fermions have attracted considerable recent interest [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] . Sophisticated quantum calculations are greatly simplified by using (semi)classical models which can be derived from the Dirac equation [1] . The model proposed in [1, 3] , for example, describes a spin-1/2 system with positive helicity and energy, by the phase-space action S = p + eA · dx dt − |p| + eφ − a · dp dt dt, (
which also involves an the additional "momentum-dependent vector potential" a(p) for the "Berry monopole" in p-space [12] ,
where p is the unit vector p = p/|p|. Here A(x, t) and φ(x, t) are "ordinary" vector and scalar potentials and e is the electric charge.
A remarkable feature of the system (1.1) is its lack of manifest Lorentz symmetry even in the absence of an external gauge field [28] .
In this paper we first show that a free chiral fermion model can be embedded into Souriau's relativistic model of a massless spinning particle [2] by "enslaving" the spin, viewed as as a sort of "gauge fixing condition".
The massless spinning model carries a natural Poincaré symmetry, which we also generalize to finite transformations. This natural symmetry is not inherited by the chiral model, though, because "enslaving" breaks the Poincaré symmetry to the "Aristotle" subgroup [2] spanned by rotations and by space-and time-translations: the chiral system has no natural boost symmetry.
The subtle relationship between the two models allows, nevertheless, for a different, "twisted", Poincaré symmetry for the chiral fermion (1.1), obtained by "exporting" the one carried by the massless spinning model. We stress that this "twisted Poincaré symmetry"
should be considered rather as a "dynamical" symmetry in that its action on "space"-variables also involves the momentum.
Then we study the coupling to an external electromagnetic field. Applying first Souriau's version of minimal coupling [2, 13] to the massless spinning model, we obtain a rather peculiar system, described in Section 5 A, which exhibits superluminal velocities with a
Hall-type behavior both for real-space and spin motion.
We consider next a more general, non-minimal coupling scheme, which accommodates any gyromagnetic ratio, g, by allowing the mass-square to depend on the coupling between the spin and the electromagnetic field [13, 14] . The resulting, rather complicated system, presented in Section 5 B, combines the equations of motion of the previously studied minimal model (g = 0), with new, Stern-Gerlach-type terms, which involve derivatives of the field, reminiscent of recent propositions [8, 9] . For the "normal" model (g = 2), consistent with the Dirac equation [14] , the "minimal" terms are switched off, leading to considerable simplification. For a uniform and purely magnetic field, for example, spin precession is recovered.
The same procedure applied to chiral fermions allows to recover the results in [1, 3] . But the chiral one and the massless spinning particle systems behave differently due to the extra structure of the latter, which remains hidden in the free case but with comes to light under coupling to an external field: the chiral model has a 6-dimensional phase space, while the massless spinning particle has an 8-dimensional one, and no consistent reduction is possible.
Throughout this paper we use Souriau's framework [2] in which motions are described by curves or even surfaces in some "evolution space" V above Minkowski spacetime. These so-called "characteristic leaves" are tangent to the kernel of a closed two-form σ on V which is constructed in an intrinsic fashion by group theoretical considerations. We just mention that this framework can be viewed as a common generalization of both the Hamiltonian and Lagrangian approaches. The above-mentioned characteristic leaves can in fact be viewed as solutions of a generalized variational problem in phase space. The abstract substitute, M , for the phase space, called the "space of motions", is the quotient of V by the characteristic foliation of σ. For details the reader is invited to consult, e.g., [2, 15] .
SYMPLECTIC DESCRIPTION OF THE CHIRAL MODEL
Variation of the chiral action (1.1) yields the equations of motion for position x and momentum p = 0 in three-space,
1 + eΘ · B dp dt = e E + e p × B + e 2 (E · B) Θ,
where E and B are the electric and magnetic field, respectively.
The system exhibits strong similarities with massive semiclassical models [12, 16, 17] , as well as with their planar counterparts [18] [19] [20] .
Alternatively and equivalently, the chiral model (1.1) can be described within Souriau's, framework [2] . We introduce in fact the 7-dimensional evolution space V 7 = T (R 3 \{0}) × R described by triples (x, p, t) is endowed with the two-form σ and the Hamiltonian h such that
2)
ijk p i dp j ∧ dp k ,
where s = 1/2. The two-forms ω and thus σ are closed since ∇ x · B = 0, and
the kernel of σ is 1-dimensional : one shows that a curve (x(τ ), p(τ ), t(τ ) is tangent to the kernel iff the equations of motion (2.1) are satisfied [29] .
At points where det(ω αβ ) = 0 the system is degenerate, necessitating symplectic alias "Faddeev-Jackiw" reduction. In the planar case, the vanishing of the analogous determinant, interpreted as the vanishing of an "effective mass", merely requires fine-tuning of the magnetic field. In such a case the dynamical degrees of freedom drop from 4 to 2, and the only allowed motions are those which follow the Hall law; see [18, 19] . In the chiral case instead the determinant (2.4) can only vanish at particular singular points of phase space, since Θ = Θ(p) and B = B(x).
Equations (2.1) exhibit the so-called "anomalous velocity" terms in the first equation, which has been recognized as the main reason behind "transverse shifts" or "side jumps" in spin-Hall-type effects [23, 24] .
MASSLESS SPINNING PARTICLES
Now we consider instead a free relativistic massless spinning particle that we describe, following Souriau [2] , by a 9-dimensional evolution space V 9 as follows. We start with three four-vectors R, I, J in Minkowski spacetime R 3,1 with signature (−, −, −, +). Then we put
with I future-directed. Thus I and J are lightlike vectors generating a null 2-plane while R represents a spacetime event.
An equivalent but for our purposes more convenient description of V 9 uses the spin tensor. Renaming P = I (which will be later interpreted as the linear momentum) the latter is defined as,
The spin tensor satisfies 1 2 S µν S µν = s 2 , where s = 0 is the scalar spin (also called helicity).
The Pauli-Lubanski condition
is plainly satisfied. Identifying the tensor S = (S µν ) with an element of the Lorentz Lie algebra o(3, 1), the evolutions space (3.1) can also be presented as
with, again, P future-pointing. The evolution space V 9 is endowed with the closed two-form borrowed from [2] , namely [30]
The dynamics is given by the foliation whose leaves are tangent to the kernel of σ in V 9 ;
a "world-sheet" [or world-line] of the system is obtained by projecting a leaf of the latter to Minkowski spacetime, yielding its corresponding spacetime track. Calculating the kernel of (3.5) using also the constraints which define the evolution space shows that a curve 6) where the "dot" stands for d/dτ . The spacetime "velocity",Ṙ, associated to any such curve is hence orthogonal to the momentum P . Indeed, the distribution defined by Equations (3.6) can be integrated using spacetime vectors Z orthogonal to P , P µ Z µ = 0,
Any point in a leaf of ker σ can be reached by choosing a suitable vector Z. Therefore at each point of V 9 the kernel of the two-form σ is 3-dimensional and projects to spacetime, according to (3.6) , as an affine subspace of R 3,1 , spanned by all vectors at R orthogonal to the linear momentum P . Thus the "motions" of a free massless spinning particle take place on a 3-dimensional "wave-plane" tangent to the light-cone at each spacetime event R: the particle is not localized in spacetime [2, 21] . We insist that all curves which lie in a leaf should be considered to be the same motion, left invariant by a "Z-shift" in (3.7). Each (3-dimensional) leaf defines therefore a "motion" of the particle; the space of motions is the collection
/ ker σ of those leaves and inherits the structure of a 6-dimensional manifold (see below). As we explain it below, spin is responsible for the spacetime delocalization of massless particles.
To obtain down-to-earth expressions, we put R = (r, t) where r and t are the position and time coordinates in a chosen Lorentz frame. The two null-vectors are in turn P = (p, |p|)
and J = (q, −|q|), where p and q are two 3-vectors which satisfy p · q + |p| |q| = 1 by (3.1).
In these terms we have
We now label each leaf of ker σ by picking a representative point in each of them in a way which is convenient for our purposes. To this end, we first observe that τ → (R +τ P, P, S) is an integral curve of ker σ for any given (R, P, S), i.e., a particular "motion". Next, shifting this curve by
yields another integral curve lying in the same leaf. Finally, taking τ = −t/|p| yields the point which has zero time coordinate; this is the point in that we choose. The corresponding point on the shifted curve has position R = (r, 0). The quantity q = p/(2|p|) is determined by p alone, and is therefore eliminated as independent degree of freedom. With this labelling spin becomes "enslaved" to the linear 3-momentum, S j4 = 0, and
An important observation which follows from (3.8) is that
in general, and not only in the enslaved case (3.10). It is thus not length of the 3 vector s but its projection onto p which is a constant. In terms of (3 + 1)-variables, Z = (Z, p · Z)
the "Z-shift" (3.7) acts as
Thus, in the free case, the freedom of "Z-shifting" allows us to eliminate the spin as an independent degree of freedom altogether and the entire leaf can be labelled byx = r and p = p = 0 alone. The latter parametrize the space of motions M 6 = V 9 / ker σ, which has therefore the topology of T (R 3 \{0}). At last, the two-form σ in (3.5) descends to the space of motions M 6 as the symplectic two-form (2.3) cf. [2] , ω = dp i ∧ dx i − s 2|p| 3 ijkp i dp j ∧ dp k . 
and clearly leaves the two-form (3.5) invariant. It is therefore a symmetry of the system, which descends to the space of motions (M 6 , ω). The associated Noetherian conserved quantities are
which identifies the vector P and the bi-vector M as the conserved linear and angular momentum, respectively.
To get explicit formulas in a (3 + 1)-decomposition, we parametrize the Poincaré Lie
, where ω, β, γ ∈ R 3 , ε ∈ R are infinitesimal rotations, boosts and space-and time-translations, respectively. In terms of this decomposition, the infinitesimal Poincaré-action on V 9 is given, see (3.14) and (3.8), by 16) and duly projects to Minkowski spacetime as the natural one.
To write down the explicit form of the Poincaré momenta (3.15) we present the matrix M = (M µν ) (which belongs to the dual to the Lorentz algebra) as M ij = ijk k and M j4 = g j with and g two 3-vectors. In terms of the above (3 + 1)-parametrization we find
Then the quantityx
is itself conserved. Working out the action of the full Poincaré Lie algebra (3.14) on the space of motions (M 6 , ω) provides us with [31]
The 10-parameter vector field (3.19) leaves the free symplectic structure (3.13) invariant, i.e., it generates a family of symmetries, to which the symplectic Noether theorem [2] associates 10 constants of the motion, namely
whose conservation follows also directly from the free equations of motions. Note that the two terms in the free angular momentum are separately conserved.
The Poisson brackets of the quantities in (3.20) calculated using (3.13),
are those of the Poincaré Lie algebra e(3, 1), as expected. Calculating the Casimir invariants 22) shows that the infinitesimal Poincaré symmetry we have just found is realized in the zeromass and spin-s representation.
The reason hidden behind all this is that the (connected) Poincaré group acts on the space of motions symplectically and transitively. Therefore (M 6 , ω) is a coadjoint orbit of the Poincaré group by Souriau's theorem [2] . The symplectic form (3.13) is, in particular, Souriau's #(17.145) in [2] . The Z-translations in Equation (3.7), also identified as "Wigner translations" [22] , belong to the stability subgroup, SO(2) × R 3 , of the Poincaré-action of a basepoint in the orbit.
So far, we have considered infinitesimal action, i.e., that of the Poincaré Lie algebra.
Souriau's construction allows us to also work out the finite action of the the connected (also called neutral) Poincaré Lie group on the space of motions (M 6 , ω). To that end it is enough to spell out its natural action (R, I, J) → (R = RL + C, I = LI, J = LJ) which L ∈ SO + (3, 1) and C ∈ R 3,1 integrating the infinitesimal action (3.14) on the evolution space V 9 introduced in (3.1). Parametrizing the connected Poincaré group by A (rotation),
, and e (time-translation), a tedious calculation summarized in the Appendix yields the following action (p,x) → (p ,x ) where
with γ = (1 − |b| 2 ) −1/2 as usual; by keeping "tildes" we insist that our variables live on the space of motions (remember thatp = p butx = r). We can then check that the associated infinitesimal action is indeed as in (3.19) .
Both curious phenomena, namely "delocalization" and "spin enslavement" follow from the freedom of performing Z-shifts. Now we discuss these aspects in some details.
In a Lorentz frame the trajectory with labelx is given by (3.18), i.e., 24) which describes motion with the velocity of light, directed along p. A "Z-shift" displaces the trajectory; starting, in particular, with "enslaved" spin, the latter is "unchained" and the trajectories one obtains fill a three-plane in 4-space. However, it is easy to see using (3.16 ) that the right hand side of (3.24) remains invariant: the "motion" is not affected.
Intuitively, the freedom of "Z-shifting" is reminiscent of gauge freedom: it can always be performed at will; "enslaving" spin is in turn a sort of gauge fixing", allowing to interpret the result in terms of physical degrees of freedom alone.
"Enslavement" has a rather curious alternative formulation [2] . Let us consider an "observer", characterized by a unit future-pointing 4-vector U in Minkowski space, U µ U µ = 1.
We can chose, for example, U = (0, 1) in some Lorentz frame; then "enslavement" is enforced by requiring
which in turn implies s = s p, that is (3.10), upon using p · s = s.
In the same spirit, boosting infinitesimally a trajectory (3.24) according to (3.16) yields various s-dependent terms which combine nicely, yielding ultimately 26) consistently with (3.19).
CURIOUS POINCARÉ SYMMETRY OF THE FREE CHIRAL MODEL
Now we return to chiral fermions as described by (1.1). Does the free chiral system (1.1) admit the Poincaré group as a symmetry ?
Let us first consider the chiral system on its own, as discussed in Section 2. In the free case where E = B = 0 the motions can be determined explicitly: the Θ-term drops out from (2.1), which is integrated at once yielding
withx andp constant vectors (and p =p/|p|). The chiral space of motions M 6 = V 7 / ker σ can, therefore, be described byx = x(t) − p t andp. But with the fields switched off, the two-form ω in (2.2) becomes precisely (3.13) : the free chiral model has the same space of motions as that of the massless spinning particle with s = 1/2 we studied in Section 3.
It is now straightforward to derive the Poincaré symmetry of the free chiral model. From the identity of the space of motions coordinates (x,p) we conclude that the position, x, of the chiral particle and that of the massless Poincaré model are the same, x = r. Then in terms of the coordinates (x, p, t) on the chiral evolution space V 7 , the strange-looking Poincaré action (3.19) (specialized to the case s = 1/2) becomes "twisted", viz.,
These vector fields generate the same Lie algebra as those in (3.19) , namely the Poincaré
Lie algebra e(3, 1). Equation (4.2) confirms and extends the recently proposed action of the Lorentz subalgebra [8] . The conserved quantities associated with the Lorentz generators are, in particular, We have thus established a "twisted" Poincaré symmetry of the free chiral system. We insist, however, that the action (4.2) is not the usual, natural one on ordinary spacetime. In fact, it is not an action on spacetime at all, since it also involves the momentum variable p;
it is rather a sort of "dynamical symmetry" (for the free dynamics).
What about a natural symmetry of the type carried by the massless spinning model ?
We answer this question by embedding V 7 , the evolution space of the chiral system into that, V 9 , of the massless spinning particle by "enslaving the spin", i.e., requiring (3.10)
as a constraint. Then (3.16) implies that, starting with enslaved spin, s = s p, we have δ(p × s) = s β × p, which does not vanish in general. In other terms, spin enslavement is not boost-invariant.
Another way of seeing this is to observe that Souriau's condition (3.25) defines a submanifold of V 9 which is readily identified with V 7 , and to check that the restriction of the free two-form (3.5) to V 7 is indeed given by (2.2)-(2.3). The full Poincaré group acts on V 9 but it is only its "Aristotle subgroup" [2] generated by space rotations and by space-and time-translations which leaves V 7 invariant : natural boosts are broken.
In conclusion, the chiral model admits a Poincaré symmetry, but, unlike for the massless spinning model, this group does not act in the usual way. It follows that x should not be considered as a bona fide "position variable", because it does not transform under a boost as positions should. (In Souriau's terminology, it is a label of a motion and not a coordinate).
COUPLING TO AN EXTERNAL ELECTROMAGNETIC FIELD
Let us now cope with a number of procedures enabling us to couple our relativistic massless and spinning particle to an external electromagnetic field.
The conventional "minimal coupling" rule says that the 4-momentum should be shifted by the 4-potential as follows,
This is not exactly what is proposed in (1.1), though: while the rule (5.1) is used for the 4-momentum (p, h), the 3-vector p in the "Berry term" Θ is not shifted. Remarkably, this "half-way-rule" is instead consistent with Souriau's prescription [2] who requires working with the same evolution space as that of a free particle but adding the electromagnetic field strength F to the free two-form (3.5) according to
where e is the electric charge of the system. This two-form is still closed, dσ = 0, because F is a closed two-form of Minkowski spacetime.
The rules (5.1) and (5.2) are equivalent in the spinless case only. Then why should (5.2) be chosen ? An argument in its favor comes form experience in the plane, where it yielded an insight into Hall-type phenomena [18, 19, 23, 24] , and this is the scheme we will be using throughout this paper.
A. Minimal coupling of the massless spinning model
Applying Souriau's prescription (5.2) to the massless spinning model of Section 3 yields, on the evolution space V 9 in (3.4), the closed two-form
Then a lengthy calculation using the constraints in the definition (3.4) of V 9 shows that the equations of free motions (3.6) change to [32]
assuming that S · F ≡ S αβ F αβ = 0. The dimension of ker σ drops from 3 to 1 : the spin-field coupling term in the velocity relation breaks the "Z-shift"-invariance. It follows that the spin degree can not now be eliminated and we are left with a (9 − 1 =)8-dimensional space of motions (phase space, locally).
Let us now express the equations of motion (5.4) in terms of the (3 + 1)-decomposition we introduced in the previous section. Assuming, that
a strange cancellation takes place in the velocity relation in (5.4), which becomeṡ
Condition (a) will henceforth assumed to be satisfied.
Condition (b) in (5.5) requires that the momentum should not be perpendicular to the magnetic field. When it is not satisfied thenṫ = 0, so that while the motion is still along a curve, it becomes instantaneous [33].
Let us assume that the regularity conditions (5.5) hold; then merging the two equations in (5.6) provides us with
( 5.7) We insist on the rather unusual form of these equations. Firstly, the p one would have expected on the r.h.s. of the velocity relation cancels out and the electric charge drops out also. The dynamics of the momentum decouples from the spin as long as the latter does not vanish; also the scalar spin s = 0 disappears from all equations. Equations (5.7) imply that d p/dt = 0 so that the direction of p is unchanged during the motion. Spin is in fact not an independent degree of freedom, its (for spacetime dynamics irrelevant) motion is entirely determined by the other dynamical data.
Let us put, for example, our "massless but charged particle" into crossed constant electric and magnetic fields like in the Hall effect, E = Ex, B = Bẑ, (say). Then p is itself a constant of the motion, and so is the angle θ between B and p (which cannot be π/2
for p · B = 0). Let us assume for simplicity that the initial momentum lies in the x-z plane.
Then the equations of motion are solved by
Thus, in addition to a constant-speed vertical motion, the "particle" also drifts perpendicularly to the electric field with Hall velocity E/B. The spin vector follows an even more curious motion perpendicularly to p so that its projection on p is still a constant, s(t) · p = s 0 · p.
Thus while spin is decoupled, it can not consistently be "enslaved" as in (3.10) since s and p do not remain parallel even for such initial condition, see Fig. 1 .
FIG. 1:
Motion in constant Hall-type electric and magnetic fields described by Equation (5.8). The initial position, r 0 , is chosen in the y-z plane, and the initial momentum and spin are chosen to be parallel and in the x-z plane. Then, the spatial motion, r(t), is a combination of constantvelocity Hall drift perpendicularly to E and B, combined with constant-velocity vertical drift. The momentum, p, is conserved, but the spin, s(t), has a rather curious, Hall-type motion in the plane perpendicular to the momentum.
The velocity is always superluminal (|dr/dt| > 1) and diverges as θ → π/2; for p · B = 0 we get instantaneous motions, i.e. with infinite velocity, parallel to the z axis. This is in fact a general property, as seen from (5.4), becauseṘ µṘ µ < 0, the 4-vector (S µν F νρ P ρ ) being space-like.
B. Anomalous coupling
The model of Section 5 A is curious but not completely satisfactory, and now we generalize our minimal scheme. Our clue now is to allow the "mass-square" P µ P µ to depend on the coupling of spin to the electromagnetic field as suggested in [13, 14] , i.e.,
where we used once again the shorthand S · F ≡ S αβ F αβ , cf. (5.5). The real constant g will be interpreted as the gyromagnetic ratio [34] . Generalizing the previous relation P = I as 10) where I and J are still as in (3.1), helps us to implement the equation of state (5.9). The condition S µν P ν = 0 is also automatically satisfied.
Hence we introduce the novel evolution space
endowed with the closed two-form,
Note that (5.12) is formally the same as (5.3) up to the mass-shell constraint.
Some more effort is needed to work our the new equations of motion from the kernel of σ using the constraints which define V 9 .
We find that a curve (R(τ ), P (τ ), S(τ )) is tangent to ker σ in (5.12) iff
(5.13)
These equations, which reduce to (5.3) for g = 0, constitute the zero-rest-mass counterparts of the celebrated Bargmann-Michel-Telegdi equations for massive relativistic particles [26] , as well as 4 dimensional analogs of "exotic" anyons in the plane [19] . In the "normal" case g = 2 resulting from the Dirac equation [14] , the previously considered anomalous velocity is canceled but there arises a new, "Stern -Gerlach-type" contribution involving the derivative of the external electromagnetic field. Thus, an anomalous velocity term shows up for any value of the gyromagnetic ratio g.
Now we turn to a (3 + 1)-decomposition. Things behave as before up to some subtle differences. Firstly, 14) where the spin tensor is still defined as in (3.2), but the new dispersion relation generalizes the last equation in (3.20) [35], namely
Decomposing the electromagnetic field into its electric and magnetic components, the quantity (5.5) (a) is generalized to
Then a rather tedious calculation yields the following (3 + 1)-form of the equations of motion (5.13), namely
where we introduced the new shorthands
When g = 0 we recover (5.7).
To get a better insight, we consider the case g = 2 and assume that the fields are constant;
then the field-derivative terms drop out and the complicated system (5.17) simplifies to [36] (g = 2)
(5.19) assuming E = 0, which acts as a sort of effective mass. In a pure magnetic field momentum and spin satisfy equations of identical form, dp dt
Multiplying these equations by p, s and by B, respectively, imply that
Choosing the z axis in the direction of the magnetic field, B = Bẑ, for example, both momentum and spin vectors precess around the z axis with common angular velocity, −eB/E, 22) where p 0 = p x + ip y , s 0 = s x + is y and therefore
see Fig. 2 . Thus, in the purely magnetic case, "enslavement" (3.10) can consistently be required. However, this is manifestly not so in the presence of an electric field [37] : the independent spin degree of freedom can not be switched off in this case.
It is worth noting that for weak fields and pure magnetic field, s = 1 2 p can be chosen, and then 24) which is the expression proposed recently [8, 9] .
CONCLUSION
In this paper we have shown that the semiclassical chiral fermion model, much discussed in connection with the chiral magnetic and chiral vortical effects [1, [3] [4] [5] [6] [7] [8] can, in the free case, be embedded into Souriau's zero mass and spin-1/2 particle model. The identity of the respective "spaces of motion" can be used to derive a Poincaré symmetry of chiral fermions from the one present naturally in the Souriau model. Our result explains and extends the recently proposed expression for Lorentz boosts [8] .
One could argue that this is what one would expect for a relativistic theory. We would like to stress, however, that this action is not the usual natural one on ordinary spacetime -on the contrary, it resembles a sort of "dynamical symmetry" in that it also involves the momentum. We contend that the variable x commonly viewed, in the chiral fermion context, as "position" is not legitimate, since it does not transform correctly under a boost.
Chiral fermions can also be embedded into the massless spinning model using "enslavement"; the "gauge condition" (3.10) is not boost-invariant : enslavement is non boostinvariant. All this suggests that the massless spinning model should be favored.
Then we put forward a novel scheme for minimal/normal/anomalous coupling of our particle to an external electromagnetic field for any value of the gyromagnetic factor g. For g = 0, we get a rather strange system with superluminal motion and Hall-type behavior.
For g = 2 the previous terms are switched off, but for g = 0 we get new, Stern-Gerlach type contributions to the anomalous velocity. The general situation is a mixture of the two.
(Field-derivative terms arise also in recently proposed modifications of the chiral model [8, 9] .)
Our coupled model is reminiscent of but different from those proposed in [1, [3] [4] [5] [6] [7] [8] [9] . The main difference is that the usual chiral model (1.1) has no independent spin degree of freedom, while ours has instead additional degrees of freedom, associated with "unchained" spin. The standard chiral models have a 6-dimensional phase space, whereas ours has, in the coupled
The fundamental difference between our model and other approaches [1, [3] [4] [5] [6] [7] [8] [9] is that while other authors derive their semiclassical equations from some widely accepted and physically sound theory like the Dirac equation, or transport theory, fluid dynamics, etc., we built ours from first principles, based on group theory, as proposed by Souriau [2, 13] .
We present our investigations in symplectic, instead of usual variational terms. Although the two frameworks are equivalent [2, 15] , using the symplectic one is technically more convenient, because it dispenses us from working with local potentials; it is also better adapted to study degenerate systems as in the free case. It also allows us to derive all properties in one go. For example, Liouville's theorem follows at once [2, 17] .
The non-Abelian generalization is also straightforward using the framework of [27] .
[29] The equations of motion (2.1) are also Hamiltonian, with Hamiltonian h as in (2.3) and fundamental Poisson brackets given by [17] 
It follows that the coordinates do not commute, let alone in the free case.
[30] We have chosen positive energy and helicity.
[31] One of us (CD) discussed the infinitesimal action (3.19) and the quantities listed in (3.20) with F. Ziegler long ago (unpublished).
[32] The system would become singular at those points of V 9 where S αβ F αβ = 0; this would change locally the dimension of ker σ, destroying a priori the smooth manifold structure of the space of motions.
[33] Instantaneous motions with infinite velocity are familiar in non-relativistic optics [24] . Intriguingly, motion with superluminal velocity also appears in certain higher-order massless relativistic models [25] .
[34] Equation (5.9) can be generalized by putting P µ P µ = f (eS.F ) where f is an otherwise arbitrary function such that f (0) = 0. We refer to [13, 14] for the case of massive spinning particles non-minimally coupled to an external electromagnetic field.
[35] As the term S · F itself involves E, eqn. (5.15) is a third-order algebraic equation for E.
[36] Notice the similarity of (5.19) with the velocity-momentum relation of a massive particle in special relativity.
[37] This behavior is once again related to gauge covariance : a constant electric field could be eliminated by a boost -but boost freedom and enslavement seem to be incompatible.
[38] The equations proposed in [7] also involve an additional "vorticity" variable, which may well be related to our spin here. where ω ∈ so(3) is identified with ω ∈ R 3 , also β, γ ∈ R 3 and ε ∈ R. Then the adjoint action Z → Z = (ω , β , γ , ) = Ad(g 
